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A direct application of Kepler’s problem in rotating reference frames is the orbital relative motion study. The
nonlinear differential equation modeling the motion is solved by means of tensorial and vectorial regularization
methods. The general framework for obtaining exact solutions to the relative orbital motion is given when the
reference trajectory is elliptic, parabolic, and hyperbolic. All the results are presented in a vectorial closed form,
frame independent and without singularities. The case of circular reference trajectory is particularized with
complete vectorial and parametric solutions. It is proved that the solution to Hill-Clohessy—Wiltshire equations is the
first linear approximation of the exact solution presented in this paper.

I. Introduction

HIS paper is concerned with the relative orbital motion, an

important application of the solution to Kepler’s problem in
rotating reference frames. It is a subject of significant practical
interest. In the last few years, space programs involving satellite
formation flying were sponsored by several governmental agencies.
Applications to spacecraft formation flying are multiple. Long
baseline interferometry, stereographic images, or synthetic aperture
radar are relevant examples. Proper positioning of the satellites in the
clusters is essential in most missions.

The most common approach to spacecraft relative motion uses the
Hill-Clohessy—Wiltshire (HCW) linear model introduced in 1960
[1]. This model assumes small deviations from a circular reference
orbit. Because the HCW model is limited to short-term motion, the
approach was extended by several authors [2—4]. Other researchers
have modeled the relative motion starting from the HCW equations
and taking into account various orbital perturbations: oblateness [5—
8] and drag [9]. An important step forward is the generalization of the
HCW equations for an elliptic Keplerian reference orbit, that was
done by Lawden [10] and Tschauner and Hempel [11,12]. The
results for the elliptic reference trajectory were studied and extended
by many authors [13-24]. The solutions for the relative orbital
Keplerian motion use the Cartesian initial conditions or the orbital
elements as constant of motion [25-34]. Some of the approximate
solutions use time [16,20], the true anomaly [17,18], or the eccentric
anomaly [11,32] of the Keplerian reference orbit as independent
variables.

The problem of relative orbital dynamics is an extensive field of
study and it refers to satellite formation flying [35-57] or spatial
rendezvous studies [58—61]. Comparative papers evaluate and
analyze the accuracy of the various theories of the relative motion of
satellites [62,63].

The present paper uses the solution to Kepler’s problem in rotating
reference frames introduced in [64] to offer an exact vectorial
solution to the relative orbital motion. The results stand for any
reference Keplerian trajectory (elliptic, parabolic, hyperbolic). In
[64], by regularization methods, the strong nonlinear differential
equation that models Keplerian motion in a rotating reference frame
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is transformed into a linear one with constant coefficients. The
singularity for zero position vector vanishes and the solutions to this
new equation are in a closed vectorial form.

This paper is structured as it follows. Section II introduces the
general framework for the relative orbital motion problem,
presenting the solution to the general case. Section III gives an exact
solution to the orbital relative motion when the reference orbit is
circular, generalizing the model and the solution offered by the HCW
equations. An analogous to the classic Keplerian eccentric anomaly
is used in the expressions for relative position and relative velocity
vectors. Contrary to the HCW equations, that are linearized
derivations from the nonlinear problem that describes the motion, we
start directly from the nonlinear original differential equation that
models the relative motion. The advantage is that we obtain the
complete prediction of the behavior of the studied satellite in its
relative motion. The case of zero angular momentum is also studied
with complete solutions in all three main cases. The HCW equations
offer a solution involving secular terms, so their applicability is
restricted to short time intervals. The solution presented here stands
for unbounded time intervals and does not have singularities. The
expressions are completely vectorial and frame-independent.

Section III.D shows that the solution to HCW equations is the first
linear approximation to the exact solution previously given. We offer
here an interesting qualitative analysis of the motion described by the
HCW equations.

The same Nomenclature as in [64] is used.

II.

A body, denoted as Chief, orbiting around a Keplerian attraction
center O is considered. In an inertial reference frame with the origin
in the attraction center, its trajectory will be an ellipse, a parabola, or a
hyperbola. At the initial moment of time 7, another body, denoted as
Deputy, is launched from the vicinity of the Chief. The launch is
made such as at time 7, the relative position of the Deputy to the Chief
is described by vector Ar and the relative velocity by vector Av.
Using the results presented in [64], we will prove that an exact
solution to the relative motion of the Deputy to the Chief problem
may be given. This solution does not involve linearizations of the
equation describing the motion, which are used in most orbital
mechanics papers [1-16,65].

The trajectory of the Chief with respect to an inertial frame with the
origin in the attraction center is a conic with one focus in the
attraction center (see Fig. 1). Its motion along this trajectory is
considered to be known. The position vector of the Chief with respect
to the inertial reference frame is denoted r, h is its specific angular
momentum, and 6 is its true anomaly.

We define three unit vectors: i, =r/rc in the orbit radius
direction, ky = ho/he in the angular momentum direction, and
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Fig. 1 The Keplerian inertial motion of the Chief.

Jo = kg x iy completes a positive oriented reference frame. Related
to a rotating reference frame with the origin in the attraction center
{0.1y, jo. ko} th.at rotates v_vith al}gular velocity @ = 6k,=
(1/rZ)h, the Chief trajectory is described by

F4+20 XF+ o X (0 ><r)+a')><r+ﬁ}r=0
i
r(t)) =ro
. vy - T,
Flto) = =57 (M

0

and it is rectilinear (see Fig. 2).
Vectors ry and v, represent the position and, respectively, the
velocity of the Chief at t = f, in an inertial frame with the origin in O.
In the same reference frame, the motion of the Deputy is described
by (see Fig. 3)

F+20 XF+ o X (0 xr)—|—a')><r—|—%r=0
r(ty)) =ry+ Ar

Yoo T, 1+ Av 2)

i'(t()) = rz
0

Equations (1) and (2) are related to a rotating reference frame with

fixed direction angular velocity @ = éko = (1/r%)h¢. The solution
to Eq. (1) is

_ Dc ro
14 eccosbr,

3)

rc

where p is the semilatus rectum of the conic (the Chief trajectory
related to the inertial reference frame) and e its eccentricity. As
vector @ has fixed direction, the tensorial map R_, has the explicit
expression [64]

Rouy = exp(— / "5 ds)

- sin[6(¢) — 6(1y)] o+ 1-— cos[@(tz) — 0(1y)] 5 @
1) 1)

As follows from the main theorem in [64], Sec. III, the solution to
Eq. (2) is obtained by applying the tensorial operator R_, to the
solution to

Chief
Fig. 2 Motion of the Chief in a noninertial associated reference frame is
rectilinear.

Chief
Fig. 3 The relative motion of the Deputy satellite.

Deputy

1o

Fig. 4 The Deputy motion in the LVLH reference frame.

F+lr=o
r

r(ty)) =ro+ Ar
F(ty) = vy + Av + @y X Ar 35)

where wo = (1/r3)hc.

We define now the local vertical local horizontal (LVLH) or Hill
reference frame, with the origin in the Chief (considered here a
geometrical point) and the same unit vectors i, j,, k¢. It is the
noninertial reference frame to which the orbital relative motion of the
Deputy is referred (see Fig. 4). The relative motion is described by

r=rp—re= (6)

Pc Iy

r=R_,r,——m——
@ 14 eccosfr

@)

where r is the solution to Eq. (1), rp the solution to Eq. (2), and r,
the solution to Eq. (5).
From Eq. (7), it follows that the velocity v = r is computed by

d d Pc ry
=—(R _—— )=
Y dt( ~ol's) dr (1 + ec cos 9) ro ®

By making the computations in Eq. (8) and by using the properties
of the tensorial map R_,, it follows

—w>

éec pesind ry

=R_ '*_ ~R7m T L a2
v oTe = QK0T (1 + eccos 0)? ry

(C)]

FromEgs. (7) and (9), by taking Eq. (4) into account, it follows that
the motion of the Deputy with respect to the LVLH frame is
described by

PR CORLIDY

@r,
w 1)
cos[0(r) — 0(t))] -, Pc Iy
- - To 10
w’ @ 14 eccosfr, (10)
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1 trajectory

LVLH reference frame
Fig. 5 Relative orbital motion: geometric interpretation.

v(f) = wwzr* o Sin[e(t)w— 0(to)] oF.
cos[0(r) — 0(1p)] ~,.  hc(l + eccosh)?
_ = P =
« [003[9(0 - g(to)](:)r* __sin[6(7) - e(lo)](;)zr*:|
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where r, is the solution to the inertial problem (5).

Using the algorithm presented in [64], Subsection IV.B.2, explicit
solutions and then approximate solutions with time, true anomaly or
eccentric anomaly as independent variables may be deduced.

Remark 1: From Eq. (7) a suggestive geometric interpretation for
the Keplerian relative motion with respect to the LVLH reference
frame is revealed. The relative Keplerian motion is composed from
three different types of motion (see also Fig. 5):

1) A Keplerian classic motion described by Eq. (5), situated in a
plane IT1(#) or on a straight line.

2) A precession with angular velocity—e around a point O of the
plane (straight line) where the classic Keplerian motion takes place.
Point O represents one of the foci of this conical trajectory.

3) A rectilinear motion of point O described by:

Pc Iy

- — 12
14 eccosfr (12)

p:

When the reference trajectory is elliptic, the rectilinear motion of
point O is periodic. Its period equals the period of the Keplerian
inertial reference motion. If the Keplerian motion in plane I1(¢) is
also periodic and the ratio of the two main periods is rational, then the
trajectory is a closed curve (orbit resonance). This represents the
necessary and sufficient condition for the relative motion to be
periodic. In other words, the periodicity of the relative motion is
equivalent with the commensurability between the period of the
reference motion and the period of motion in plane IT(¢).

When the reference trajectory is circular, point O is stationary with
respect to LVLH frame.

A forthcoming paper will present the time-explicit solutions for
relative Keplerian dynamics in case the reference trajectory is
elliptic, parabolic, hyperbolic. These solutions generalize the
approximate results obtained from the HCW equations [1], Lawden
[10], and Tschauner—-Hempel equations [11,12]. In fact, the
approximate solutions derived from the linearized models used by
various authors are the first linear approximation of the exact solution
offered by Eqgs. (10) and (11).

III. Orbital Relative Motion: Circular Reference
Trajectory

When the reference trajectory is circular, vector @ is constant,
® = w(ty). Then Eq. (1) becomes

i‘+2wxr'+w><(w><r)+ﬁ3r=0
-

r(ty) =ry

F(1)) =0 13)

and it has a constant solution r(f) = r, t > t,. It is realized when
additional conditions

1/3 N
ro = (%) ; ro-® =0; ® = constant (14)

are satisfied. In the rotating reference frame {0, i, j, ky}, the
motion of the Deputy is described by

p+2w><p+wx(w><p)+%p=0, p(to) =ry + Ar

(1) = Av (15)

The Cauchy problem (15) represents the perturbation of Eq. (13)
by changing the initial conditions
ro—ry+ Ar; 00— Av (16)

As in the preceding section, the relative law of motion of the
Deputy with respect to the Chief is given by

r=R_,yr.—r a7

where r,, is the solution to

n

F+5r=0.  r(t)=ro+Ar,

r 18)
F(ty) = w X (rg + Ar) + Av
The prime integrals of (18) are
hy=(Ar +ry) X [Av + @ X (Ar + ry)] (19)
E=tAvtwx(Artrgp——H (20)
2 0 |Ar + ro|

eO:[Av—l—wx(Ar—l—ro)]th_ Ar +r, 1)

Iz |Ar + ro|

As vector @ is constant, we use (4) for computing R_,,,. Making
all the computations in (17), it follows that

cos[w(t — ty)]
-

r,-® sin[w(t — ¢
AT Gl
W w 10}

x (@ X1,)—rg (22)

w

where r, is the solution to Eq. (18).

If the specific energy & < 0, then the trajectory described by (22) is
bounded; if £ > 0, the trajectory may be unbounded, depending on
the initial conditions.

According to the study made in [64], Sec. IV, and Remark I from
Sec. II of the present paper, the motion of the Deputy with respect to
the LVLH frame can be decomposed into a classic Keplerian motion
and a regular precession with angular velocity —®. The trajectory is
bounded or unbounded, depending on the initial conditions. When
£ <0, hy # 0, the trajectory is bounded and it may be decomposed
into a classic elliptic Keplerian motion and a regular precession with
angular velocity —w. If £<0, hy =0, the trajectory may be
decomposed into a rectilinear Keplerian motion and a regular
precession with angular velocity —w. When £ > 0, h, # 0, the
trajectory is unbounded and it may be decomposed in a classic
parabolic or hyperbolic Keplerian motion in a plane II(r) and the
regular precession of plane II(f) with angular velocity —@. When
&> 0, hy =0, the motion may be decomposed into a rectilinear
Keplerian motion and a regular precession with angular velocity —®
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of the straight line associated with the classic Keplerian motion. If the
trajectory is bounded, the motion lasts a finite time period, until the
Deputy reaches the attraction center.

All results presented next are deduced by using the algorithm in
[64], Subsection IV.B.2.

A. Negative Specific Energy: £ = %[Av + o x(Ar+r))P - IAr‘LW <0
1. Nonzero Angular Momentum, Nonzero Eccentricity hy # 0, e # 0

By applying the results from [64], Subsection IV.B.2, the
trajectory is bounded.
Using

1 218)¥2
o= hyxey  n= DT

I
ay,=-——éep; n=
T 2elg] PN n
and the function E(f) given by

E(t) —esinE(t) = n(t — ty) + Ey — esin Ey, t € [ty, +00),
1 A
cos E, :—(1 —nw)
e 218
Av-(ry + Ar) |:1
2el§]

h
sinEy, = _@ % |ro + Arq

it follows that for ¢ € [t,, +00)

o) sinfow(t — 1y)] -~
®— @a

r(t) = [cos E(t) — e]{a(;)2

B cos[w(t — ty)]

. . b
> wzao} + smE(t){ szw

w

1)
_ Sln[w(:u_ IO)] C:)bo _ Cos[wgz_ tO)] (;)Zbo} —r (23)
_ —nsinE(t) fag-@ sinfw(t — t)] -~
v() = 1 —ecosE(t) { w wa
cosfw(t — 1))] -, ncos E(t)
B w? @ ao} 1 —ecos E(1)
" {b(;zw o sin[w((:— to)] by cos[a)((utz— to)] c?)zbo}

+ [cos E(f) — e]{w &a,

— cos|w(t — ty)]@ ao}

+ sin E(t){isin[w(;_ fo)]

@%by — cos[w(t — tO)]d)bO} (24)

Written in the LVLH reference frame {i,=r/ry,jo=
(0 xry)/wry, ky = o/ w}

r (1) = x(0)iy + y()jo + z(Dko

The parametric equations of the trajectory become

70 cosla(t — 13)]

(1) = [cos E(1) — e]{“o

+— (@, @.1) sinfw(r — to)]} + sin E(l){ To S coslw(t — 1))
wr "o

(bo’wﬂ sinfw(t — to)]} -7 (25)

y(1) =[cos E(t) — e]{ 20770 Ginfoo(t — 10)]
To

(aOv w, T O)

———~cos[w(t— to)]} + sin E(1) {— by -1y sinfw(t — 1,)]
)

(bo’ @ 0)cos[a)(z‘—to)]} (26)
wr,

7(t) = [cos E(t) — e] + sin E(z) 27

The parametric equations of the velocity become

(1) =

nsin E(t) {ao To cos[w(t — ty)]

1 —ecosE(t)
(“0’ (@0 ®.10) orin(r — ro)]}

ncosE(t)
1 —ecos E(t)
by, w,r
+( 0: @, 70)
wry

To

{bo o cos[w(t — ty)]
To
sinfw(t — to)]} + [cos E(t) — €]

sinfo(t — 1g)] + (@2 o)

ag-rog . W,
X {—(u 0 0 0 7°cos[a)(t—to)]}
) )

+sin E(t){—w@ sinfw(t — 15)]
0

+ L’:” 70) st — to)]} (28)
0

nsin E(t)
1—ecosE(t)

— Mcos[w(r — to)]} +
wr

X {— by 1o sinfw(t —1y)] +
To

y()) =

{“0 T Ginfoo(t — 1)]
o

ncos E(r)
1—ecosE(t)

Mcos[w(z — to)]}
wry

—[cos E(1) — e]{(ao . :To) sinfw(t — 1,)]
0

+odoTo cos[w(t — to)]} —sin E(t){(bo’ :To) sinfw(t — t,)]
To o
+ a)mcos[w(t — IO)]} (29)
To
—nsinE(t) ay-w ncosE(t) by -

(1) =

30
l1—ecosE(t) w 1—ecosE(t) w (30)

where t € [t,, +00).

2. Nonzero Angular Momentum, Zero Eccentricity hy # 0, e =0

All computations made in the preceding section change by making
e = 0. Additional relations in this case are

® X (rg+ Ar) + Av
" ;

el

N

a,=ry+ Ar; b, =

€2V

E(t) = n(t = 1y);

with a, = by.
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) sinfw(t — ty)] -
L G

r(t) = cos[n(t — to)]{a(;)2

B cos[w(t — ty)]

- . b
5 wzao} + sin[n(t — to)]{ (;Zw

@

10}
B sm[a)(;— to)] @by — COS[wgz_ 1)] E)zbo} _ (32)

o) - sinfw(t — ty)] Sa

v(t) = —nsin[n(r — lo)]{a(;z

w

_ W@Zao} + ncos[n(t — 1y)]

y {bo .zw o sinfw(t — ty)] @by — cos[a)(tz— to)] é}QbO}
w w @

+ cos[n(t — to)]{wd)zao

— cos|w(t — to)]c?)ao}

. {sm[w(r )] 5 - }
+ sin[n(t — ty))|y————— @b, — cos[w(t — ty)]@b,
(33)

The parametric equations of the trajectory become

cos[w(t — ty)]

x(t) = cos[n(t — 1‘0)]{a0 To

+ Msiﬂ[w(t - to)]} +sinfn(z — 1)]
wr

(by, @, 1))
wr,

P oot 1) + sinfots — )]} = ry G4
0

70 Sinfw(r — 1,)]

¥() = cosfnt m)]{ -

(a0 o to)]} +sinfn(t 1))
wr

X {—L} To sinfw(t — 1,)] + (by, ®.19)
o wry

cos[w(t — to)]} 35)

—|— sin[n(t — to)]

z(t) = cos[n(t — to)] (36)

The parametric equations of the velocity become

(1) = —nsin[n(t — 1o)] {“°r' 70 cos[w(t — 1,)]
0

(aOv ®,r)

wry

x {”0

+ cos[n(t — ty)] {—a)

———=sinfw(t — to)]} ~+ ncos[n(t — ty)]

(bo,w rp)

% cosfw(t — 1,)] + sinfw(t — lo)]}

To sinfw(t — t)]

(‘IOvr :To) cos[o(t — 1‘0)]} + sin[n(r — 1))
0

< {_wbo T

sinfeo(t — )] + 20:2:70)
To

cos[w(t — to)]} 37

% sinfw(t — 1o)]

$() = nsinfn(t - lo)]{

(a();o :To) cos[w(t — to)]} + ncos[n(r — 1,)]

b
% {_ 0 (by. @, o)
wr

— cos[n(t — ty)]

To sinfw(t — ty)] +

{(ao»ﬁ’y"o)
ro

cos[w(t — to)]}
sinfw(t — ty)]

ag
+w

70 cosfwr(t — to)]} — sinfn( — 1,)]

P s 1)+ 02 Pcosotr— )] G
o

2(1) = —nsinfn(r — 15)] 22 @

+ ncos[n(t — to)]

(39)

where 7 € [t,, +00).
The projection of the trajectory on the three planes of the LVLH
reference frame are Lissajous figures [18].

3. The Periodicity Problem (Orbit Resonance)

When hy # 0, £ <0, the motion may be periodic if some
conditions are satisfied. It is easy to see that the two functions
involved in the expressions of motion are periodic: function R_,, has
the main period 277/ and function E has the period 27t /n. When the
ratio w/n is a rational number, the motion is periodic; this is a
necessary and sufficient condition for periodicity. Some interesting
situations may occur. We denote

o k
- =— (40)
noq
with k and ¢ natural relative prime numbers. The fraction k/g
represents the ratio between the Deputy period and the Chief period.

Denoting & the energy of the Chief satellite, £ = —w?r2, relation
(40) can be written as

lEcl _k po k

RQEDZ g QEN? g

(41)

Expressed in terms of orbital elements (r, the radius of the circular
reference orbit and a the semimajor axis of the Deputy elliptic
trajectory), Eq. (41) is equivalent to

L (5)2/3 42)
ro q

where k and n are relative prime natural numbers.

The equivalent Eqs. (41) and (42) represent the necessary and
sufficient condition for the trajectory to be closed (the relative motion
is periodic). This particular situation is called orbit resonance
[23,25,32].

Related to an inertial reference frame centered in the attraction
point O, three important cases occur.

Case k = 1, g > 1: the Chief completes one circle and the Deputy
q ellipses (or circles, depending on e) until the configuration Chief—
Deputy has the same position as at = .

Case k > 1, g = 1: the Chief completes £ circles and the deputy a
single ellipse (circle) until the configuration Chief-Deputy has the
same position as at t = t.

Case k = g = 1: the Chief and the Deputy complete both an entire
trajectory until they meet as at 1 = ¢,.
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4. Zero Angular Momentum: hy = 0
According to [64], Subsection IV.B.2, it follows that

_ M r+ Ar
0= 2lglIro + Ar @
r(t) = [cos E(1) — l]{a(;)-2w o sinfw(t — IO)](Z)a
B cos[a)(tz— to)] cf)zao} 1y 44)
w
_ —nsinE(?) - @ sinfw(t — ty)] -
o) = [1 —cos E(1)] { @ 1) @do
- W(Dzao} + [cos E(t) — 1]
X {M @2a, — cos[w(t — tO)](I)aO} 45)
where
E(t) —sinE(t) = n(t — ty) + E; — sinE,
cosEy = 1 — 2ot Arl-[&|
I
sinE, ,/ E|Av - (ry + Ar) 46)
m
3/
= @gD>” ; tp =ty — 1 (Ey — sinEy);
: " (7)
2
te [to, tp + 7)
The parametric equations of the trajectory become
x(t) =[cos E(f) — ]{ 0 cos[w(r — 1y)]
+ (“";U ) Ginfeo(r — zo)]} — 48)
y(t) =[cos E(t) — 1]{ sm[w(t — )]
(ao, @ O) ———cos[w(t — to)]} (49)
2(1) = [cos E(1) — 1]% (50)

The parametric equations of the velocity become

—nsin E(7)
—cosE(1)

(aos w,r)

() =1

{ 70 cos[w(t — 10)]
Ty

———Zsin[w(t — to)]} + [cos E(t) — 1]

ag-r
x{—wo 0

sinfeo(t — 1g)] + 2022:70)
o

cos[w(t — to)]} (G1))

nsin E(7)
1 —cos E(1)

_ MCOS[w(t - to)]} —[cos E() — 1]

y(n =

{ao o sinfw(t — ty)]
o

{10 g — 1)+ 0 2 ottt — ]} (52
To

—nsinE(t) ay- @
1—cosE(t) w

z2(1) = (53)

In this case, theoretically, the motion lasts until the body reaches
the attraction point. Practically, the body falls on the planet, so the
motion lasts on the time interval [¢,, ¢, ], where ¢, denotes the ground-
impact moment, t, < tp + 27/n.

B. Zero Specific Energy: & = %[Av + o x (Ar +ry))? - =0
1. Nonzero Angular Momentum: hy # 0
Applying the results from [64], Subsection IV.B.2, it results the

law of motion

_r
|Ar+ry|

o sinfw(t — t;)] Ge

r=1ip- /er(t)]{

®
- colelt 1) azeo} () {7("“’;3’ 2P
B sinfw(t — tO)]d)(hO « &) — cos[a)(tz— [0)]62(h0><eo)} —r

(54)

and the velocity

o 2ut(t) fer-® sinfw(t — 1y)] ~
A TP { T e P
B cos[w(t — ty)] Sle | 4 2 (hy, e, @) ©
o’ 0 p + pnt* () ?
_sinfo(t — 1)] - & (hy X eg) — cos[a)(tz— tO)](bz(hO o eo)}
® 13
+ 3l = ne o0 G, —confots - e
+ 7(?) {M @2 (hy x eg) — cos[w(t — ty)]d (hy ¥ eo)}
(55)
where
() = jﬁ V3@t — 0 + Vo1, — 1> + pP/p
V3t =0 = VO =07+
56
tp= 1o — % [pr(to) + %T3(l0):|7 G0
A -A
ctr) = T E e ar (g o)
t € [ty, +00)

In the LVLH reference frame the parametric equations of the
trajectory are
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x(1) = %[p - W(z)]{”‘)r—'o”’cos[w(z —1)]

(hy, ey, 1)

+ Msin[w(lﬁ - to)]} + T(t){
wr, 0

hy, ey,
x cos[w(t — t,)] + (ho. €0, @ X1
.

o) sin[o(r — zo)]} —r, (57)

€y ry

(1) = %[p - ,u,rz(l)]{— sinfw(t — )]

+ (e @.19) cosfw(t — to)]} + (f) {7("0’ €, ® X 1o)
wr, wry
x cos[w(t — ty)] — M sinfw(r — lo)]} (58)
0
20 = lp— ur ) gy B fe@) s,
w w

The parametric equations of the velocity are

] + (80, @, r())
wry

) = —2ut(t) {eo-ro

m COS[(U(t — to)
2 {(ho, €9, T')

P+ ut (1)

x sinfw(t — to)]} + cosw(t — )]

+ (hy, ey, 0 x 1)

2200 o~ )] + 1o~ 1)
7o

2

(ey, w,r
4

o) cos[w(t — to)]}

x {—a) 010 Gnfoo(r — 1)] +
To

+ 1]~ P s )
+ wcos[w(t - fo)]} (60)
0
. B 2#7-[([) €y ry . _ _ M
=P { ry et ) o
2 (hy, €y @ x 1)
x cos[w(f — to)]} + P+ pn (1) { wry

x cos[w(t — ty)] — (eo;:’ir,"o)

sinfw(t — tO)]}

+ l[p — Mr2(t)]{M sinfw(t — t,)] + 2o
2 7o o

(hy x ey, w,ry)
ro

x cos[w(t — to)]} + (1) sinfw(t — ty)]

hy, e,
+w(oeoro)
ro

cosw(t — to)]} (61)

2(n) = pr(?)

+

€ @ (hOveOv(‘))] (62)
w w

2
P+ nt (1) [_

2. Zero Angular Momentum: hy = 0

All computations in the preceding section change by making
ho =0:

_ WRL6(t = 1) [(rg + AF) - @
=+ A { o
L GGk ) PPN
-0 gy, Ar)} - ©
2 [6(t—tp)]A (o + AP) @
”(’)‘|ro+m|[ " ] { N
Ty
wPI6(z — 1p)P [sinfo(r — 10)] -
A A { @%(ry + Ar)
— coslw(t — to)|@ (ro + Ar)} 9
where

[+ An) - Avp”

=1y o (65)

Formulas (63) and (64) work for ¢ € [ty, tp) if (Ar +ry) - Av <0
and 7 € [ty, +00) if (Ar +ry) - Av > 0.

In the LVLH frame, we obtain the parametric equations of the
trajectory:

x(n =" 1/3[602_ It {(’r‘;ﬁ ir);rrf cos[(t — 1o)]
%sin[w(r - tO)]} -7 (66)
o) = w! 3[6(t2— 1p)P? {_ (rrz;o ir)A -rr|0 sinfol— )]
) cosfolt 1)) @)
The parametric equations of the velocity are
=2 ) e oot
x { _w%sm[w(z —1o)]
e ) o
() = 2(6(tﬁ t,,)) 1/3{—%sin[w(t — )]
{00 it~ )]
o 2 eosolt - )| a0)
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. po NP+ Ar) e
1)=2 71
{0 (6(r - m) wlro + 7] .
C. Positive Specific Energy: & = %[Av + o x (Ar+ry)F — m >0
1. Nonzero Angular Momentum: hy # 0
By using
1 1 (282
a,=-——ep; by=——nh; X ep; n= (72)
07 g% 0=7 % 0 X € 7
and the function E(f) given by
esinh E(t) — E(t) = n(t — t5) + esinh Ey — E,, t € [ty, +00)
(73)
Av - A -h
Ey = sinh™! {"[ v- (ro + Ar)] [1 20 R0y 4 Arl]} (74)
2e& ®
. i t—1y)] -
r(t) = [e — cosh E(Z)]{a(;)2w ® — sm[a)(w 0)]wa0
t— 1 ~
- szao} + sinh E()
< {bo ‘2(1) © — Sin[(,()([ — [0)] (:)bo
10} w
cos[w(t — ty)] -~
—%wzbo} —r (75)

v(t) =

—nsinhE(t) (ay- o ° sinfw(t — ty)] oa
ecoshE(t) — 1 2 0

B cos[w(t — ty)] e }
P

w w

ncoshE(t) (b @
ecoshE(t) — 1 2

B sinfw(t — 1,)] Gy — cos[w(t — ty)]
2

w

(:)zbo} + [e

w(;)zao — cos|w(t — to)]‘:’aO}

—coshE (t)]{
sinfw(t — 1))

+ sinh E(¢) { "

@%by — cos[w(t — to)]cbbo} (76)
where ¢ € [t, +00).

In LVLH reference frame, the parametric equations of the
trajectory are

(aOa wer)

x(f) = [e — cosh E(t)]{M coslw(t — ty)] + >
o o

x sin[w(t — to)]} + sinh E(7) {bo To cos[w(t — 15)]
To
+ Msin[w(t — tO)]} -7 D))
wry

ap-ry

sinfw(t — 1y)]

y(t) = [e — cosh E(l)]{—

+ MCOS[QJ(Z - fo)]} + sinh E(7)

X {— by -1y sinfw(f — ty)] + Mcos[a)(t - lO)]} (78)
ro a)rO
2(1) = [e — cosh E(7)] “"a')“’ + sinh E(1) b‘)a')“’ (79)

The parametric equations of the velocity are

% cos[a(t — to)] + (ag.@.r)
o o

{b 0710 osfar(r — 10)]
To

(1) =

—nsinhE(t) (ay-r

ecoshE(r) — 1 {
ncosh E(1)

ecoshE(r) — 1

x sinfw(t — to)]} +

n (bo’wﬂsin[w(t - to)]} 4 [e — cosh E(1)]
To

X {—a) %o To sin[w(t — t,)] + (a9 @)
14 14

0

cos[w(t — to)]}
(b07 w, rO)

b -
+ sinh E(¥) {—a)o—ro sinfw(t — t,)] +
Ty

x cos[w(t — to)]} (30)

..« nsinhE(®) f[ay-ry . (ag,@,10)
(0= ecoshE(t) — 1 { sinfo(t = fo)]  wry

xcos[a)(t—to)]}+ ncosh E(1) {_bo-r

0 .
t—1
ecoshE(t) — 1 Ty sinfo(t—=1o)]

+ Mcos[a)(l — to)]} —[e—cosh E(7)]
wr

a,,o,ry) .
L (@o.0.r0)
o

sinfw(t —ty)] + @ aor' To cos[w(t— to)]}
0

sinh 20 { P i — )+ 0 st~ 1)
0
(81
=" sinhE(f) ay-@  ncoshE(f) by o -

ecoshE(t)—1 w ecoshE(t)—1 o

2. Zero Angular Momentum: hy =0
According to [64], Subsection IV.B.2,

_ Mo+ Ar _ @y

= e . ALl n s
28|ry + Ar| I
sinh E(f) — E(t) = n(t — ty) + sinh Ey — E,

a

E, = sinh™! [”[A#W], tp =ty — % (sinh Ey — Eg)
(33)

r(1) = [1 - cosh E(r)]{"0 @, Sl =)l 5,

w w
- 7&8[“’5;_ )] cazao} —ry (84)
_ —nsinhE(Y) [a;- o sinfw(t — 1y)] -
v() = cosh E(t) — 1 { o 7 w @
- 7&8[“’22_ )] cszao} +[1 — cosh E(1)]

X {M @2ay — cos[w(t — to)](f)ao} (85)

where 1€ [ty,tp) if (Ar+ry)-Av<0 and ¢ € [y, +o0) if
(Ar +ry) - Av>0.

In the LVLH reference frame, the parametric equations of the
trajectory are
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x(t) =[1 — cosh E(t)]{M cos[w(t — ty)]
To

(a(J? @, rO)
wr

4 sinfw(t — to)]} - (86)

y(t) =[1 — cosh E(t)]{— aor. To sinfw(t — 1,)]
0

+@0@:0) (e — to)]} 87)
wr

z(t) =[1 — cosh E(7)] Go @

(88)
w

The parametric equations of the velocity are

... —nsinhE(1) [ay-ry (ag, »,ry)

) = coshE(t) — 1 { ro cosfeo(r — o)l + =22
x sinfw(r — to)]} 41 - cosh E(t)]{—w 9010 Gnfoo(r — 10)]
+ (a9 0,19 cosfw(t — to)]} (89)

o

..~ nsinhE(?) [ay-ry . (ag, w, 1)

)= coshE(r) —1 { Ty sinfo(r = )] - Tro
x cos[w(t — to)]} —[1 — cosh E(7)] {(ao’rﬂ sinfw(t — 1))

+w aor‘ To cosw(t — zO)]} (90)
0

. —nsinh E(¢) ay - @
() =
coshE(t)—1 w

on

Remark 2: The closed-form vectorial solutions to the orbital
relative motion problem as well as the parametric equations were
deduced with respect to the noninertial LVLH reference frame. The
preceding study is made when the reference trajectory is circular. The
solutions have the time as independent variable and no singularities.
In Subsection III.A.3 the necessary and sufficient conditions for the
periodicity of the relative motion were introduced.

By using various expansions of map E = E(M), where M =
n(t — tp) is similar to the mean anomaly [6], various approximate
expressions having a high degree of accuracy may be deduced with
the time as independent variable.

The next Section proves that the solution to the famous Hill-
Clohessy—Wiltshire equations is the first linear approximation to the
exact solution presented in Subsection II1.A.2.

D. About Hill-Clohessy—Wiltshire Equations

A typical approach to relative orbital motion are the Hill-
Clohessy—Wiltshire (HCW) equations. They offer an approximate
solution for a circular reference orbit. By using the tensorial
instrument introduced in [64], Sec. II, we give an explicit exact
vectorial solution to the problem.

The differential equation

,i)'+2wx;')+w><(a)xp)+%p:0, p(ty) =ry+ Ar,

(1)) = Av 92)

with the additional conditions

" 1/3 _
ro= - : ry-w=0; ® = constant
w

has a vectorial map p = p(t,ry, Ar, Av) as solution. For Ar =0
and Av = 0, it has the constant solution p (t) = r, t € [0, +00), and
it describes the Chief motion in its associated reference frame with
origin in the attraction center.

We prove now that the solution in first approximation to the
perturbed Eq. (92) leads to the solution to HCW equations, used in
numerous papers [1-9,65].

Seeking p = r( + r, vector r represents the relative position of the
Deputy. Replacing in (92) it follows that

F+20 XF+ X (wXry) +oX(®xr)

M _
+ lro +r? (ro +1) =0,
r(ty) = Ar, F(ty) = Av (93)

For (r/ry)" >~ 0, n > 2 we make the following approximations:

Ho s 2\-3/2 73( 2r0~r)‘3/2
——=u(rs +2ry-r+r >~ UF, 14+
|r0+r|3 /’L(O 0 ) /’LO r(z)
3ry-r
~pury?(1-=% 04
rp

and take into account that ury> = w?. This leads to a new problem
for r:

F4+20 X7+ o x (@ ><r)+a)2r=3a)2r Zroro,
"o 93)
r(ty) = Ar, F(ty) = Av
Equation (95) is the vectorial form of the HCW equations. It models
the relative orbiting motion. It is a differential vectorial linear
equation. The tensorial proper orthogonal map R,, is defined in [64],
Section ILA.
Lemma 1: The solution to Eq. (95) is obtained by applying
operator R_,, to the solution to the differential equation
F+ o’r =30 @ i)r r(ty) =
+ ( ® ) ’ (0) Ar ’ (96)
F(ty) = Av + @ X Ar

where ® represents the dyadic product of two vectors and
i=R,iy=R,(ro/ro)
Proof: We notice that Eq. (95) can be rewritten in the form

F4+20 XF+ o X (@ xr)+ o’r =30, ®iy)r 97

AsR,[(iy ® ig)r] = (i ® i)R,r, applying operator R,, to relation
(97) and using its properties, we get

2
% (R,F) + 0’ Ryr = 360°(i ® )R, r
t

The proof'is finalized. O

The way of obtaining the solution to Egs. (95) and (96) and their
qualitative analysis are given in the Appendix.

From relations (A16) and (A17), vectors r and v may be written as

r =T11Ar+T12Av, v:TZIAr"FTzzAv (98)

where T;; = T;;(t,ry, @), i, j € {1, 2} are tensorial maps given by
T”:4r0®;ro (wxro)(ZX)z(w xro)_6tro®(a;><r0)
5 w°rg rg
rg® X ry) . ro@r 0]
4621V (a)2 ) sinfw(r — 1y)] + |:—3 0 5 042 5 ]
wr§ g w
x cos[w(t — ty)] %99)
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(@Xr)®ry rg® (@ xry)  ryQ (@ Xrp)

T,=2 2 3t
12 ?r? @*r? r
n (w xr20)2®r0+4(w xro)?z(w xr0)+w(§§;w
W} Wrg w

. ry®(@xry) (@Xr)®rg
x sinfw(t — ty)] + |:2 pro -2 P

x cos[w(t — ty)] (100)

I @ X T
0®(2 O)+6
o o

+ [3 nner_ “’f;“’} sinfw(t — 19)] (101)

o

ro ® (@ X rg)
2

T, =—6 cos[a(t — 1y)]

ro® (w xXr @ X1y Qr
L LI LI LT
rg wrg
+4(co xro)(zg)z(w Xr°)+w@;w]cos[w(t—t0)]
w'r§ 1)
ry® (@ xry) (@XxXr)®ro] .
—12 3 -2 3 sinfw(r — ty)]  (102)
wrg wr§
By denoting
T T
T=|_ " 12:| 103
[Tzl T, (10

the solution to Eq. (104) may be written in the form

B CI I

In Eq. (104), T represents the state transition matrix [3] of the relative
Keplerian motion.

The first linear approximation of the solution to Eq. (92) is written
as

p =ry + T”Ar —+ leAv, /’) = TZIAr —+ leAv (105)

By denoting

e=s) eefs] e[l

the following relation holds true:
X =X, +TAX, (106)

Equation (106) is the first approximation to the solution to the
Cauchy problem that describes the relative motion of the Deputy. It
holds true only when the approximation (r/ry)" >~ 0, n > 2 can be
used.

IV. Conclusions

A general exact solution to the relative orbital motion problem was
offered for elliptic, parabolic, and hyperbolic reference trajectory.
The result is purely vectorial and it is obtained by using an adequate
tensorial instrument. The circular reference orbit problem is solved
and explicit expressions for position and velocity vectors are given.
The only implicit function involved in the exact solutions offered is
analogous to the eccentric anomaly from the classic Keplerian
motion. The results appear in a vectorial closed form. A vectorial
exact solution to Hill-Clohessy—Wiltshire equations was given by
using the tensorial instrument introduced, together with an
interesting interpretation of the results that were obtained. The model
offered in solving the relative motion problem may be applied to an
arbitrary Keplerian reference orbit.

Appendix: A Vectorial Solution to the Hill-Clohessy—
Wiltshire Equations

By using the tensorial method introduced in [64], the solution to
the differential equation
F+ or=30(i Qi)r, r(ty) = Ar
F(ty) = Av + @ X Ar (A1)
is deduced.

Because of the linearity of Eq. (A1), its solution is the sum of the
solutions to the following equations:

Ar-w
r(tO): P ®
W

F+ o’r =30 Qi)r,

i) =" (A2)

@ X (Ar X w)

F+ o’r =30’ ® 1), r(ty) = e
g = LB T o X Ar) el (A%)

The solution to Eq. (A2) is

ro(f) = {A’a; @ coso(r — 1)] + A’:U;“’ sinfw(r — to)]}w (A4)

We denote
. @ XR,r
j=—— (AS)
wr
The solution to Eq. (A3) is
ry(t) =a()i+ B1)Jj (A6)

where maps « and B are solutions to the ordinary differential
equations (ODE)

& — 20 =3?a; B+ 2wi=0 (A7)
with the initial values
Ar-r . Av-r
alt) ==—5"ry.  &0)=—5"r,
) )
(Ar.w.ry) Avwry Y
r,w,r, . V,w,r,
t)) = ———-0 0)=—1-0
B(t) ol ro. B(0) prw ro

The solution to the ODE system (A7) is

a(r) =2 5——sin[w(t — 1)]

Av,w,r Ar-r Av,w,r
(Bv.0r) ,  Brery | (Av0.10)
w7y ro w7ry

B (3 Ar-ry 4o (Av,zw,ro)) cosw(t — ty)],

ro w7ry

B(1) =

Ar- Ar- Av, o,
+6wﬂ)(t—t0)+(6 AL PG r"))
ry ry wry

(Ar,w,ry) 2Ar~r0 3(Av,w,ro)
wr wr wr

Ar -
x sinfw(t — t5)] + 2 T To
wr

cos[w(t — to)] (A9)

The solution to Eq. (A1) is

p (1) =i+ B1j +y()° (A10)
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Because

. r . W XR,r
i=R,— j=E—7—

ry wr

®w =R, (A11)

it follows that the solution to Eq. (A1) may be written as

p()=R P®—+ﬂ® S+ y() ] (A12)
Applying Lemma 1, it follows that
mn—ma—+mn +ﬂﬂ— (A13)

is the solution to Eq. (95), the vectorial form of the HCW equations.
The parametric equations of the trajectory in LVLH frame are
A r Ar -r A ,
(Av, @, o) 04 ( ”20’ 0) infw(r — 1,)]
@’ry ro w'ry
B (3 Ar-rg . 2(Av,zco,ro)
w*ry

ro

a(t) =2

) cos[w(t — ty)]

ﬂ(t):(Ar,w,ro)_zAvcro_(S(Av,(,)’ro)
wr wr wry
A Ar- A
Lot ro)(t—t0)+(6 rer B0, ro))
To To @’ry

«sinfo(t — 19)] + 2 22T cosfeo(t — 10)]

y(t) = Ar- cos[w(t — ty)] + Av-o sinjw(t — t))]  (Al4)

The parametric equations of the velocity in LVLH are

a(t) =

Ar - A
_(3a) d r°+2( v’w’r‘))) sinfw(r — 1,)],
o wry

,B(t):—(3( v,w,r0)+6w r ro)
wry ro

4 (6wAr-rO +4(Av,w,r0)
ro wr

(Av, @, 1)
T COS[a)(t — t())]

) sinfw(t — ty)]

-2 Av-ro cosw(r — ty)],

y(f) = —Ar - w sinfw(t — 1,)] + cos[w(t —1y)] (Al5)

The exact solution to Eq. (95) is given by Egs. (A13).
Equations (A14) and (A15) describe the motion of the Deputy with
respect to the Chief, expressed in the LVLH frame associated with
the Chief.

The solution to Eq. (A13) may be written as

r(t)y=r¢+ (t—ty)ve + dsinfo(t — ty)] + d* cos[w(t — ty)]
(A16)
and it represents the law of motion of the Deputy with respect to the
Chief.
The relative velocity of the Deputy has the vectorial expression

v (1) = ve + wd cos[w(t — ty)] — wd* sinfw(t — ty)] (A17)

From relations (A13) and (A14), vectors r¢, v, d and d* are given
by

[ (Av, w, ro) Ar-r0i| r, [(Ar,w,ro)
rec= — | —
@’ry ro |ro wry

2Av-r0]wxr0

wr wr

vc:_(3 (Av,w,ry) +6wAr~r0)w X Ty
wr ro wr

d=

(Av,w,ro)rj+ (6Ar.rO +4(Av,w,r0)) ® XTIy (A18)

w*rg 1 To W’r, wry
Av 0 ®
a) 7’
( Ar - rO (Avwro)) +Av-r0wxr0
w’ry 7o wry  or
Ar-ww
0

The last terms of relation (A16), namely d sin[w(t — 1y)] +
d* cos[w(t — t,)] represent the parametric equation of an ellipse
having d and d* as conjugate diameters [66].

As an interesting remark, we notice that

to+T
ve =f/ v(f)dt (A19)

0

represents the mean velocity on a time interval of length T = 27/ w.
The motion is periodic if v~ = 0. Relation

(Av, @, 1)) n 2a)Ar-rO

wr )

=0 (A20)

is obtained in this case.
Generally, the relative trajectory is an elliptical helix, possibly

degenerated (if, for example, d x d* = 0). If v = 0, the relative

trajectory is an ellipse, possibly degenerated, or a circle, if d - d* = 0

and |d| =|d*|. Its semiaxis A and B may be computed using

Apollonius theorems:

d2 + d*Z AZ B2 —

A4+ B2 = (d x d)? (A21)

and their expressions are

A=l a4+ J@ T A = dd =),
2 (A22)

B = %[(d2 +d?) — V(& + d7) —4(d x d°)7]

References

[1] Clohessy, W. H., and Wiltshire, R. S., “Terminal Guidance System for
Satellite Rendezvous,” Journal of the Aerospace Sciences, Vol. 27,
No. 9, Sept. 1960, pp. 653-658.

[2] Butikov, E., “Relative Motion of Orbiting Bodies,” American Journal
of Physics, Vol. 69, No. 1, 2001, pp. 63-67.

[3] Gim, D. W., and Alfriend, K. T., “The State Transition Matrix of
Relative Motion for the Perturbed Non-Circular Reference Orbit,”
Advances in the Astronautical Sciences, Vol. 108, 2001, pp. 913-934.

[4] Schaub, H., “Incorporating Secular Drifts into the Orbit Element
Difference Description of Relative Orbits,” Advances in the
Astronautical Sciences, Vol. 114, 2003, pp. 239-258.

[5] Koon, W. S., Marsden, J. E., Masdemont, J., and Murray, R. M., “J,
Dynamics and Formation Flight,” AIAA Paper 2001-4090, Aug. 2001.

[6] Sengupta, P., “Satellite Relative Motion Propagation and Control in the
Presence of J, Perturbations,” M.S. Thesis, Texas A&M Univ., College
Station, TX, Dec. 2003.

[7] Roberts, J. A., and Roberts, C. E., “The Development of High Fidelity
Linearized J, Models for Satellite Formation Flying Control,” AAS
Paper 04-162, Feb. 2004.



212 CONDURACHE AND MARTINUSI

[8] Gurfil, P., “Analysis of J, Perturbed Motion Using Mean Non-
Osculating Orbital Elements,” AIAA Paper 2004-4853, Aug. 2004.

[9] Carter, T., and Humi, M., “Clohessy—Wiltshire Equations Modified to
Include Quadratic Drag,” Journal of Guidance, Control, and
Dynamics, Vol. 25, No. 6, Nov.—Dec. 2002, pp. 1058-1063.

[10] Lawden, D. F., Optimal Trajectories for Space Navigation,
Butterworths, London, 1963, pp. 79-86.

[11] Tschauner, J., “The Elliptic Orbit Rendezvous,” AIAA Paper 66-537,
June 1966.

[12] Tschauner, J., and Hempel, P., “Optimale Beschleunigeungsprog-
ramme fiir das Rendezvous-Manover,” Acta Astronautica, Vol. 10,
No. 296, 1964, pp. 296-307.

[13] Lancaster, E. R., “Relative Motion of Two Particles in Elliptic Orbits,”
AIAA Journal, Vol. 8, No. 10, 1970, pp. 1878-1879.

[14] Bereen, T., and Svedt, G., “Relative Motion of Particles in Coplanar
Elliptic Orbits,” Journal of Guidance and Control, Vol. 2, No. 5, 1979,
pp. 443-446.

[15] Carter, T. E., “State Transition Matrices for Terminal Rendezvous
Studies: Brief Survey and New Example,” Journal of Guidance,
Control, and Dynamics, Vol. 21, No. 1, Jan.—Feb. 1998, pp. 148—
155.

[16] Melton, R. G., “Time-Explicit Representation of Relative Motion
Between Elliptical Orbits,” Journal of Guidance, Control, and
Dynamics, Vol. 23, No. 4, July—Aug. 2000, pp. 604-610.

[17] Inalhan, G., and How, J. P., “Relative Dynamics & Control of
Spacecraft Formations in Eccentric Orbits,” AIAA Paper 2000-4443,
Aug. 2000.

[18] Campbell, M. E., Zanon, D., and Kulkarni, J., “Cluster Planning and
Control for Spacecraft Formations,” Advances in the Astronautical
Sciences, Vol. 119, No. 3, 2004, pp. 2395-2414.

[19] Inalhan, G., Tillerson, M., and How, P., “Relative Dynamics and
Control of Spacecraft Formations in Eccentric Orbits,” Journal of
Guidance, Control, and Dynamics, Vol. 25, No. 1, Jan.—Feb. 2002,
pp- 48-59.

[20] Broucke, R. A., “A Solution of the Elliptic Rendezvous Problem with
the Time as Independent Variable,” AAS Paper 02-144, Jan. 2002.

[21] Zhang, H., and Sun, L., “Spacecraft Formation Flying in Eccentric
Orbits,” AIAA Paper 2003-5589, Aug. 2003.

[22] Gurfil, P., “Relative Motion Between Elliptic Orbits: Generalized
Boundedness Conditions and Optimal Formationkeeping,” Journal of
Guidance, Control, and Dynamics, Vol. 28, No. 4, July—Aug. 2005,
pp. 761-767.

[23] Gurfil, P., “Optimal Single-Impulse Formationkeeping,” AIAA
Paper 2005-5860, Aug. 2005.

[24] Lane, C., and Axelrad, P., “Formation Design in Eccentric Orbits Using
Linearized Equations of Relative Motion,” Journal of Guidance,
Control, and Dynamics, Vol. 29, No. 1, Jan.—Feb. 2006, pp. 146—
160.

[25] Exertier, P., and Bonnefond, P., “Analytical Solution of Perturbed
Circular Motion: Application to Satellite Geodesy,” Journal of
Geodesy, Vol. 71, No. 3, 1997, pp. 149-159.

[26] Vaddi, S. S., and Vadali, S. R., “Large-Angle Kinematics for the
Control of Satellite Relative Motion,” AIAA Paper 2002-4742,
Aug. 2002.

[27] Gill, E., “Description of Keplerian Relative Satellite Motion in an
Orbital Reference Frame,” German Center for Air and Space
Travels, Paper DLR-GSOC TN 02-02, Oberpfaffenhofen, Germany,
2002.

[28] Kasdin, N. J., and Gurfil, P., “Canonical Treatment of Relative
Spacecraft Motion via Epicyclic Elements,” AIAA Paper 2003-5591,
Aug. 2003.

[29] Pitkin, E. T., “A Regularized Approach to Universal Orbit Variables,”
AIAA Journal, Vol. 3, No. 12, 1965, pp. 2361-2368.

[30] Gurfil, P., and Kasdin, N. J., “Nonlinear Modeling of Spacecraft
Relative Motion in the Configuration Space,” Journal of
Guidance, Control, and Dynamics, Vol. 27, No. 1, 2004, pp. 154—
157.

[31] Lovell, T. A., and Tragesser, S. G., “Guidance of Relative Motion of
Low Earth Orbit Spacecraft Based on Relative Orbit Elements,” AIAA
Paper 2004-4988, Aug. 2004.

[32] Gurfil, P., and Kholshevnikov, K. V., “Distances on the Relative
Spacecraft Motion ~ Manifold,” AIAA Paper 2005-5859,
Aug. 2005.

[33] Gurfil, P., “Euler Parameters as Nonsingular Orbital Elements in Near
Equatorial Orbits,” Journal of Guidance, Control, and Dynamics,
Vol. 28, No. 5, 2005, pp. 1079-1083.

[34] Goémez, G., and Marcote, M., “High-Order Analytical Solutions on
Hill’s Equations,” Celestial Mechanics and Dynamical Astronomy,
Vol. 94, No. 2, 2006, pp. 197-211.

[35] Vadali, S. R., Schaub, H., and Alfriend, K. T., “Initial Conditions and
Fuel-Optimal Control for Formation Flying Satellites,” AIAA
Paper 1999-4265, Aug. 1999.

[36] Alfriend, K. T., Schaub, H., and Gim, D. W., “Gravitational
Perturbations, Nonlinearity and Circular Orbit Assumption Effects on
Formation Flying Control Strategies,” AAS Paper 00-012, Feb. 2000.

[37] Tillerson, M., and How, P., “Formation Flying Control in Eccentric
Orbits,” AIAA Paper 2001-4092, Aug. 2001.

[38] Schweighart, S. A., and Sedwick, R.J., “Development and Analysis of a
High-Fidelity Linearized J, Models for Satellite Formation Flying,”
ATAA Paper 2001-4744, Aug. 2001.

[39] Irvin, D. J., Jr., “Linear vs Nonlinear Control Techniques for the
Reconfiguration of Satellite Formations,” AIAA Paper 2001-4089,
Aug. 2001.

[40] Hsiao, F. Y., and Scheeres, D. J., “The Dynamics of Formation Flight
About a Stable Trajectory,” Advances in the Astronautical Sciences,
Vol. 112, No. 2, 2002, pp. 1081-1098.

[41] Tillerson, M., Inalhan, G., and How, J. P., “Co-ordination and Control
of Distributed Spacecraft Systems Using Convex Optimization
Techniques,” International Journal of Robust and Nonlinear Control,
Vol. 12, Nos. 2-3, 2002, pp. 207-242.

[42] Alfriend, K. T., “Nonlinear Considerations in Satellite Formation
Flying,” AIAA Paper 2002-4741, Aug. 2002.

[43] Baoyin, H., Junfeng, L., and Yunfeng, G., “Dynamical Behaviors and
Relative Trajectories of the Spacecraft Formation Flying,” Aerospace
Science and Technology, Vol. 6, No. 4, 2002, pp. 295-301.

[44] Hsiao, F. Y., and Scheeres, D. J., “Design of Spacecraft Formation
Orbits Relative to a Stabilized Trajectory,” Journal of Guidance,
Control, and Dynamics, Vol. 28, No. 4, 2005, pp. 782-794.

[45] Vaddi, S. S., Vadali, S. R., and Alfriend, K. T., “Formation Flying:
Accommodating Nonlinearity and Eccentricity Perturbations,” Journal
of Guidance, Control, and Dynamics, Vol. 26, No. 2, March—
April 2003, pp. 214-223.

[46] Xiao, Y., and Zhang, X., “The Dynamical Equations in Terms of
Relative Orbit Elements for Satellite Formation Flying,” IAC Paper 03-
A.1.09, Sept. 2003.

[47] Breger, L., Ferguson, P., How, J. P., Thomas, S., McLoughlin, T., and
Campbell, M., “Distributed Control of Formation Flying Spacecraft
Built on OA,” ATIAA Paper 2003-5366, Aug. 2003.

[48] Mueller, J. B., “A Multiple Team Organization for Decentralized
Guidance and Control of Formation Flying Spacecraft,” AIAA
Paper 2004-6249, 2004.

[49] Hsiao, F. Y., and Scheeres, D. J., “Transient Stability of Motion
Relative to a Stabilized Trajectory: Application to Formation Flight,”
AAS Paper 04-260, Feb. 2004.

[50] Mitchell, M., Breger, L., How, J., and Alfriend, K., “Effects of
Navigation Filter Properties on Formation Flying Control,” ATAA
Paper 2004-5024, Aug. 2004.

[51] Ploen, S. R., Scharf, D., Hadaegh, F., and Acikmese, A., “Dynamics of
Earth Orbiting Formations,” AIAA Paper 2004-5134, Aug. 2004.

[52] Breger, L. S., “Model Predictive Control for Formation Flying
Spacecraft,” M.S. Thesis, Dept. of Aeronautics and Astronautics,
Massachusetts Institute of Technology, Cambridge, MA, June 2004.

[53] Vaddi, S. S., Alfriend, K. T., Vadali, S. R., and Sengupta, P.,
“Formation Establishment and Reconfiguration Using Impulsive
Control,” Journal of Guidance, Control, and Dynamics, Vol. 28, No. 2,
March-April 2005, pp. 262-268.

[54] Breger, L., and How., J., “J,-Modified GVE-Based MPC for Formation
Flying Spacecraft,” AIAA Paper 2005-5833, Aug. 2005.

[55] Tillerson, H., and How, J. P., “Advanced Guidance Algorithms for
Spacecraft Formation-Keeping,” Proceedings of the American Control
Conference, Vol. 4, 2002, pp. 2830-2835.

[56] Scheeres, D. J., and Guibout, V. M., “Spacecraft Formation Dynamics
and Design,” Journal of Guidance, Control, and Dynamics, Vol. 29,
No. 1, Jan.—Feb. 2006, pp. 121-133.

[57] Zanon, D. J., and Campbell, M. E., “Optimal Planner for Spacecraft
Formations in Elliptical Orbits,” Journal of Guidance, Control, and
Dynamics, Vol. 29, No. 1, Jan.—Feb. 2006, pp. 161-171.

[58] Carter, T. E., and Humi, M., “Fuel-Optimal Rendezvous Near a Point in
General Keplerian Orbit,” Journal of Guidance, Control, and
Dynamics, Vol. 10, No. 6, Nov.—Dec. 1987, pp. 567-573.

[59] Humi, M., “Fuel-Optimal Rendezvous in a General Central Force
Field,” Journal of Guidance, Control, and Dynamics, Vol. 16, No. 1,
Jan.—Feb. 1993, pp. 213-217.

[60] Carter, T. E., and Alvarez, S. A., “Four Impulse Rendezvous Near
Circular Orbit,” AIAA Paper 1998-4546, Aug. 1998.

[61] Humi, M., and Carter, T., “Rendezvous Equations in a Central-Force
Field with Linear Drag,” Journal of Guidance, Control, and Dynamics,
Vol. 25, No. 1, Jan.—Feb. 2002, pp. 74-79.



CONDURACHE AND MARTINUSI 213

[62] Melton, R. G., “Comparison of Relative-Motion Models for
Elliptical ~ Orbits,”  Proceedings of the 3rd International
Workshop on Satellite Constellations and Formation Flying,
International ~ Astronautical Federation, Paris, 2003, pp. 181-
189.

[63] Alfriend, K. T., and Yan, H., “Evaluation and Comparison of Relative
Motion Theories,” Journal of Guidance, Control, and Dynamics,
Vol. 28, No. 2, 2005, pp. 254-261.

[64] Condurache, D., and Martinusi, V., “Kepler’s Problem in Rotating
Reference Frames. Part 1: Prime Integrals, Vectorial Regularization,”
Journal of Guidance, Control, and Dynamics, Vol. 30, No. 1, 2007,
pp- 192-204.

[65] Hill, G. W., “Researches in Lunar Theory,” American Journal of
Mathematics, Vol. 1, 1878, pp. 5-26.

[66] Rouché, E., and Comberousse, Ch., Traité de géométrie (deuxiéme
partie), Livre VIII, Gauthier-Villars, Paris, 1922, Chap. 4.



